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Introduction

The exercises on the following pages appeared on theoretical exams in the study years
2018/19-2021/22 for the course Mathematical Modelling, which is an elective course for
students enrolled in the undergraduate programme of Computer and Information Science
at the University of Ljubljana.

The exercises are divided in chapters, which are covered in the course, so that you can
try to solve them immediately after studying the appropriate chapter.

This study material is not peer-reviewed and so there can be some mistakes in the
solutions. If you notice a mistake, please send me an e-mail to aljaz.zalar@fri.uni-1j.si.

For easier navigation within the document there are some shortcuts. If you click on the
symbol < after the exercise, you will move to the corresponding solution. If you click on
the symbol 4 at the solution, you will return to the text of the exercise. For the TeX
template of the document I am grateful to dr. Aleksandra Franc.


aljaz.zalar@fri.uni-lj.si




diag(dl, dg, e 7d7")

Notation

natural numbers

real numbers

complex numbers

imaginary unit i = v/—1

a derivative of a function of one variable

a function of three variables

a partial derivative of f with respect to x

a gradient of a function of three variables

the set of m x n real matrices

a diagonal r x r matrix with dy,ds, ..., d, on the diagonal
a m X n matrix with only zero entries

a n x n identity matrix

the entry in the i-th row and j-th column of the matrix A
the Moore-Penrose inverse of the matrix A

the kernel of the matrix A

the Jacobian matrix of the vector function f evaluated in the point =

the inner product between the vectors v and v

the Euclidean norm of the vector u
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Part 1

Exercises






CHAPTER 1

Linear systems

TASK. 1. \Y
Compute the singular value decomposition (SVD) of the matrix

3 11
B = .
-1 3 1

TASK. 2. <
We are given the matrix A and the vector b:

(11 2] [0 ]
1 01 1
A= , b=

11 2 0

2 0 2 2
a. What is the rank of A?
b. Compute one generalized inverse of A.
c. Determine all solutions of the system Az = b.

TASK. 3. <

Let A, B be m x n matrices, m,n € N, such that ATB = 0 and BAT = 0. Verify the
following statements:

a. Every column of A is perpendicular to every column of B.
Hint: What is the meaning of the entry in the i-th row and j-th column of AT B?

b. ATB = BIA=0.
Hint: Remember the geometric meaning of ATb (resp. Bfa), where b (resp. a) is a column in R™,
and use this for every column of the matrix B (resp. A).

c. Every column of A7 is perpendicular to every column of B”.
Hint: What is the meaning of the entry in the i-th row and j-th column of (BT)T AT = BAT?

d. BA' = ABT = 0.
Hint: Assuming (b) is true, this statement can be proved by plugging AT and B” into the
appropriate variables in (b).

e. (A+B)I =A"+ B

TASK. 4. <&
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a. Prove that if AAT is an invertible matrix, then AT(AAT)~! is the Moore—Penrose
inverse Af of the matrix A.

b. Find the point on the intersection of the planes z +y + z =0 and x — y = 1 that
is closest to the origin following the next two steps:
(a) Write down the matrix of the system for the intersection and find its Moore-
Penrose inverse.
(b) Among all solutions of the system find the one closest to the origin.

TASK. 5. <
Let

a. Find the Moore-Penrose inverse A" of the matrix A.

b. Does the system Ax = b have a solution?

c. If the system is solvable, find the solution closest to the origin. If the system
does not have a solution, find the vector z* such that the error ||Az™ — b||, is the
smallest possible.

d. Find the Moore-Penrose inverse (A7) of A

TASK. 6. <
We are given the following four points:
(0,1), (—1,0), (172)7 (273)'

We would like to fit a function of the form az? + bx to these points.

a. Write down the matrix A of the corresponding system of linear equations.

b. Find the Moore-Penrose inverse Af.

c. Find the function of the above form that fits the points best according to the least
squares criterion.

d. Find one more generalized inverse of A.

TASK. 7. <
The system of equations

20 —y+ 2z =3,
—r+2y—z=1
can be expressed in the form Az = b.
a. Find the Moore-Penrose inverse of A.
b. Describe the property uniquely characterizing the point A'h with respect to the

system.
c. Construct a matrix, which has the following matrices as their generalized inverses:

3 2 00 00 3 2
1 -1 00| |00 1 —1|
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TASK. 8. <

a. Construct any non-diagonal 3 x 2 matrix A whose singular values are 2 and 1.

b. Find the Moore-Penrose inverse A' of A.

c. Let b € R3. Describe the property uniquely characterizing point Af-b with respect
to the system Az = b.

TASK. 9. <&
Let
-2 2
A=| -3 -2
-2 =3

a. Find the matrix B € R3*2 of rank 1, which is the closest to A in the Frobenius
norm.
b. Calculate ||A — Bl|r.

TAsK. 10. <
Let

be a matrix.

a. Compute the truncated singular value decomposition of A.
b. Does there exist a matrix B € R3*? of rank 1 such that |A — B||p = 17 If yes,
compute it, otherwise justify, why it does not exist.

TASK. 11. \
Let A € R™" B € RP*" and C' € R™*" be matrices. Consider the solutions of the matrix
equations:

(1) AXB =_C.

Let Gy € R™™ and G5 € R™™ be generalized inverses of A and B, respectively.

a. Assume that C' = AG;CGyB. Check that G;CGy solves (1).
b. Prove that if (1) is solvable, then C' = AG;CG2B holds.
Hint: Multiply (1) from left and from right by appropriate matrices and use the definitions of

G1, Ga.
c. Assume that (1) is solvable. Check that

X — GICGQ + Z - GlAZBGQ
solves (1) for any Z € R™*P.






CHAPTER 2

Nonlinear systems

TASK. 12. <
Perform one step of Gauss-Newton method to approximate the least squares solution of
the system

flzy) =(2,3,1),
where ]
f:R* = R?, flr,y)=(@* +y* +2,2+ e ! sinw + 53/2 —3).

For the initial approximation take (z,y0) = (0, 1).

TASK. 13. \
Using one step of Newton’s method approximate the solution of the system

sinx + cosy + €™ = arctan(z + y) — xy = 0,

with the initial approximation (zo,yo) = (0,0).

TAsSkK. 14. <&

Let
fl(x7y> ]
fa(z,y)

be a vector function and a = (2,4) € R? a point.

> +y* — 10z +y
2 —y? — 2+ 10y

F(z,y) = [

a. Calculate the Jacobian matrix of the function F' in the point a.
b. Calculate the linear approximation of F' in the point a.
c. Perform one step of Newton’s method to find the approximate solution of the

system
Faw)=|
T,Y) =
Y 25

with the initial approximation a.

TASK. 15. <
Let
2?4+ y = 37,
x—y* =5,
T+y+z=3

T
be a nonlinear system and v = [ 0 00 ] a vector.

a. Compute the approximation v(!) of the solution of the system using one step of
Newton’s method.
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b. Compute the tangent plane to the surface given by the equation z = f(z,y), where

f(x,y) = 8xy + 4,
in the point (1,1).

TASK. 16. <
Let f(z,y,2) = 2? + 3y + yz> be a function of three variables.

a. Compute the gradient Vf.
b. Perform one step of Newton’s method to approximate the stationary point of f
using the initial approximation (xg, yo, 20) = (1, 0, %)

TASK. 17. <
Let

1
V7 n(2? + 23) — —=sin(z12) = In(27),

VT

enTr 4 = cos(z122) =0
142 9

VT
T
be a nonlinear system and v(® = [ NV } a vector. Compute the approximation

v of the solution of the system using one step of Newton’s method.



CHAPTER 3

Curves and surfaces

TASK. 18. <
Let S be a surface given by z = g(z,y), where

g(x,y):xg—x2y+y2—2x+3y—2

is a differentiable function. Determine the tangent plane to S in the point (—1, 3) in the
parametric and implicit form.

Hint: Note that the parametric equation f : R? — R? of the surface S is
f(z,y) = (z,y,9(z, ).

TASK. 19. \
Sketch the closed curves given in polar coordinates by
ri(p) =1+ cosy and ro(p) = 1 + sin .

Compute the area of the intersection of the bounded regions determined by the curves.

Hint: You will need the formulas sin?z = %(1 — cos2z) and cos’x = %(1 + cos2z) to
compute the area.

TASK. 20. Y
Let
r(t) = (2sin(2t), 2 cos(2t), 3t)

be the curve in parametric coordinates with ¢ € [0, 27].

a. Sketch the curve in R3.
b. Sketch all three projections of the curve in the xy-, xz- and yz-coordinate planes.
c. Compute the arc length of the curve.

TASK. 21. <
For the parametric curve

where t € R, solve the following;:

a. Find intersections with coordinate axes.

b. Find points at which the tangent is horizontal or vertical.
c. Find points where 2/(t) = ¢/(t) = 0.

d. Determine the asymptotic behaviour (limits as t — 400).
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e. Show that there are no self-intersections.

Hint: To notice that the curve does not have any self-intersections verify that the equality
1—x(t) =1 — z(s) implies that s = 2 — ¢ and plug this into the equation y(t) = y(s).

f. Plot the curve.

TASK. 22. <
Let
r1(p) = 2sing and ro(p) = 2cos

be curves in polar coordinates.

a. Prove that both curves are circles and provide a sketch.
Hint. Try multiplying each equation by r; and expressing 2, r; sin ¢ and r; cos ¢ by = and y.

b. Compute the area of the region that lies inside both circles.

TASK. 23. <
Let

(1) = (2(t),y(t) = (t* — 4t,* = 4)

be the parametric curve.

a. Find all points where it intersects the coordinate axes.

b. Find the tangent to the curve at ¢t = 1.

c. Find the points on the curve where the tangent is horizontal or vertical.

d. If there is a self-intersection, find it and compute the area inside the loop formed
by the curve.

. Sketch the curve.

@

TASK. 24. <
Let

() = (t* —t+1,t7%)

be the parametric curve.

a. Find self-intersections of ~.
b. Find the angle at which ~ intersects itself in the self-intersections.
c. Find the point at which ~ reaches its global minimum in the direction of y-axis.

TASK. 25. <
Let

Y(t) = (2cos(t), 2sin(t), —t)"
be the parametric curve.
a. Sketch 7.

b. Parametrize v with a natural parameter.
c. Find the length of v between points (2,0,0) and (2,0, 27).
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TASK. 26.
Two surfaces in the upper halfspace z > 0 are given by the following equations:
2
H:x2—|—y2:% Yoty =2,

Curve 7 is the intersection of surfaces II and 3. Let P = (1,1,2) € 7.

a. Find the angle at which the surfaces intersect at P.
b. Find the line tangent to v at P.
c. Find the plane that is tangent to ¥ at (1,2,5).

TASK. 27.
Let

f(t) = (sint,cos(3t)), t€]0,2n]
be the parametric curve.

a. Find all points where the curve intersects the coordinate axes.
b. Find all points on the curve where the tangent is horizontal or vertical.
c. Sketch the curve.

TASK. 28.
Let

fit)=# =52 +3t+11,t> -2t +3), tcR
be the parametric curve.

a. Find all points on the curve, where the tangent is horizontal or vertical.
b. Find all self-intersections.
c¢. Sketch the curve.

TASK. 29.
Sketch the curve given in polar coordinates by

r(p) =2 + 4sin(y)

and compute the area of the smaller bounded region determined by the curve.






CHAPTER 4

Differential equations

TASK. 30. <
Let
2 2 dy
(2) 20y — 92" + 2y + o +1)-d—:0
x

be a differential equation.

a. Rewrite (2) in the form M (z,y)dz+ N(z,y)dy = 0 and prove that this DE is exact
by checking the necessary and sufficient conditions involving partial derivatives of
M and N.

b. Solve the DE (2) with an initial condition y(0) = —3.

TASK. 31. \
Convert the differential equation

(3) y' + 11y +24y =0

into the system of first order DEs, solve this system and recover the solution of the initial
DE (3).

TASK. 32. \
Solve the differential equation

3y cosw +ysinw — — =0,
Yy

given the initial condition y(0) = 1.

Hint: Note that this DE can be transformed into a first order linear nonhomogeneous DE
by multiplying it with an appropriate factor and introducing a new variable. To compute

f tan z dz use the substitution © = cos z. Also remember that / ﬁ dr =tanxz+C.
CcoS X

TASK. 33. v
Find the general solution of the system

T = 2x — 3y,

y =T — 2y7

and sketch the phase potrait.
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TASK. 34. \
Solve the differential equation

y" — 4y’ + 5y = 8cos x.

Find a solution to this DE which has a local extremum in the point (0, 2).

TAsK. 35. g
Find the solution z(t), y(t) of the nonautonomous system of first order linear differential
equations

T = 2x—y,
= —2z 4y + 18,
which satisfies 2(0) = 1, y(0) = 0.

Hint: One of the particular solutions of the system above is of the form
z,(t) = At* + Bt + C, yp(t) = Dt* + Et + F,
where A, B,C, D, E, F are constants.

TASK. 36. <
Let

(4) y' = 2zy?

be the differential equation with an initial condition y(0) = 1.

a. Find the exact solution of the DE (4).
b. Use Euler’s method with step size 0.2 to estimate y(0.4) and compare the result
to the exact value y(0.4).

TASK. 37. <
Find the general solution of the nonhomogeneous second order linear equation

¥+ — 2 =t

TASK. 38. Y
Find the general solution of the differential equation

y =22(1+y%)
and the particular solution that satisfies y(1) = 0.

TASK. 39. \
For the system of nonlinear differential equations

P=ay+l, gy,
solve the following:

a. Find stationary points.
b. Classify each stationary point as a saddle, source, sink or center.
c. Sketch the phase portrait of the system around each stationary point.
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TAsSK. 40.
Solve the differential equation

zy =y + 223
with the initial condition y(2) = 3.

TAsk. 41.
Solve the differential equation

y" +y — 6y = 36z
with the initial conditions y(0) = ¢'(0) = 1.

TASK. 42.
Find the solution y of the differential equation

2y +a2y+3=0
with the initial condition y(1) = 1.

TASK. 43.
Solve the following system of differential equations:

2 (t) = —2z(t) + 5y(t),
y'(t) = =(t) + 2y(1),
with the initial conditions z(0) = y(0) = 1.

TASK. 44.
Solve the following exact differential equation

22y + (2° + 3y?)y = 0.

TASK. 45.
Solve the differential equation

y' 4+ 9y =22 — 1
with the initial condition y(0) = ¢/(0) = 1.

TASK. 46.
Consider the system of nonlinear differential equations

T=x(3—1x—2y),
y=yld—=3z—y)

a. Find the stationary points of the system.

b. Compute the linearization of the system around the nontrivial stationary point,

i.e., the one with both coordinates being nonzero.

c. Solve the linear system from the previous question and sketch its phase portrait.
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TASK. 47. <
Let

1(1) 1(t)
l’g(t) = A l’g(t) s

-

i3(t) 3(t)
where A € R3*3, be a system of differential equations with the following three solutions:
1 1 1
et =11, €1 and e? | 2
1 1 4

a. Write down a general solution of the system.

b. Determine the matrix A.

c. Write down a third order differential equation with constants coefficients, which is
transformed into the above system.

TASK. 48. \
Solve the differential equation

(5) i — 3 — 4 =2t + €.



Part 2

Solutions



Linear systems

SOLUTION OF THE TASK 1.
We have to compute the orthogonal matrices

U:[ul U2]€R2X2, V:[vl Vg Ug:|ER3X3
and a diagonal rectangular matrix ¥ € R?>*3 such that
B=UxVT".
We have that

which implies
det(BBY —A\L) = (11 =X\)? —1=(11 =X =111 = A+ 1) = (12 — X\)(10 — \).
So the eigenvalues of BB are \; = 12, Ay = 10 and hence
V2 0 0
- [ 0 VIO 0 ] |

The kernel of

The kernel of

10 0 11
o 10| |11

T
contains the vector [ 1 -1 } and hence

1 1
Uy = — )
2 5| —1
Now the first two columns of V' are
1 2
1 1 1 1
v = —— Bluy = — | 2 and Vg = —— Bluy = — | —1
1 (B 1 NG 1 2 M 2 N 0
Finally,
1
V1 X V2 1
v

. o1 X val| /30
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SOLUTION OF THE TASK 2. ¢

a. The left upper 2 x 2 submatrix has determinant —1 and hence the first two columns
are linearly independent. The third column is the sum of the first two and so
rank A = 2.

b. We choose an invertible 2 x 2 submatrix of A, replace it with its transposed inverse,
replace the other entries with Os and transpose the matrix obtained:

_1T___T
11 0
[ ] 0O 1 00
1 0 0
G— R I R T )
00 0 0O 0 00
00 0

c. The candidate for the solution is

Gb=| —1
0

We can check that A(Gb) = b and hence Gb is really a solution of the system. All
solutions are of the form

1 00 1 21
Gb+(GA—IDz=| -1 |+]0 0 1 2o
0 0 0 -1 23

[ 1‘|‘23

= —1+23 )
2
where 21, 29, 23 € R.
SOLUTION OF THE TASK 3. T

a.

0= (A"B);; = dot product of the i-th row of A" and j-th column of B
= dot product of the i-th column of A and j-th column of B.

b. Two possible solutions to this part:

Geometrical solution: Afbis the vector with the smallest norm among all vectors
from the set

S(A,b) = {x eR": ||b— Az|| = m%l b — Aa:’||}.
z/eR™
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Since every column b; of B is perpendicular to the span of the columns of A,
min [|b; — Aa'|| = ||t

z'eR”

and hence 0 € S(A4,b;). Thus 0 = A'b;.

Computational solution: Let A = UXV7 be the singular value decomposition
of A, where U € R™*™ V € R™ ™ are orthogonal matrices,

D Or,(n—r)
Y= e R™"
Om—r,r Om—r,n—r
and D = diag(oy,...,0,) € R™" is a diagonal matrix with singular values o; of A
on the diagonal. We have that
B_U Bi1 Bio r
By Ba

where By, € RTXT, By € Rrx(nfr)’ By € R(m=)%" and By € R(m=r)x(n=7)  Now
we calculate A'B:

B, B
ATB = (vsiuT) (v | T TR vT
By Ba
i -1
(6) —_v D Or,(mfr) Bll BlQ T
L On—r,r On—r,m—r B21 B22
v [ D7'B;; D 'By, T
L On—r,r On—r,m—r
We know that AT B = 0:
By B
0=A"B=(vzuT) (U] " TP VT
Ba1 Bay
(7) -V D Or,(mfr) By1 Bio VT
L Onfr,r Onfr,mfr BZl BZQ
v | DBy, DBy | T
L On—r,r On—'r,m—r ]

Multiplying (7) with V! from the left side and (VT)_1 from the right side we get
DBy DB

On—r,r On—r,m—r

In particular, DB;; = 0 and DB, = 0. Since D is invertible this implies that
Bi; = 0 and By = 0. Using this in (6) we conclude that ATB = 0.

c.
0 = (BAT), ; = dot product of the i-th row of B and j-th column of A"
= dot product of the i-th column of BY and j-th column of A”.
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d. Plugging AT, BT for A, B in (b) we obtain

0= (AT BT = (ANTBT = (BANHT = 0 = BAT,
0= (BH)TAT = (BN AT = (AB")T = 0= AB".

e. We have to check four properties of the Moore-Penrose inverse:

(A+ B)(A"+ BN (A+ B) = (AA" + AB" + BA" + BB")(A + B)
= (AA" + BB")(A + B)
= AATA+ AA'B+ BB'A+ BB'B
=A"+0+0+ B
= A"+ BT,
(AT 4+ BY(A+ B)(A"+ B") = (ATA+ A'B+ B'A+ B'B)(A+ B)
= (ATA+ B'B)(A" + B)
= ATAA" + ATAB' + B'BA" + B'BB!
=A+0+0+B
= A+ B,
((A+ B)(AT + BN)T = (AT + BHT(A + B)T
_ (AT)TAT + (AT)TBT + (BT>TAT + (BT>TBT
= (AANT + 0+ 0+ (BBNHT
= AA" + BB,
(A" + B (A + B))T = (A+ B)T(A" + BT
= AT(ANT + AT(BNYT + BT (AN + BT (BH)T
= AT +0+0+ (B'B)"
= ATA+ B'B.

SOLUTION OF THE TASK 4. et

a. We denote G := AT(AAT)~1. There are four requirements to check for G to be
equal to A

AGA = A (AT (AAT) ) A= (AAT) (AAT) T A= 1A = A,
GAG = GA (AT (447) ") = G (AT 4) (a74) ™"
(AGVE:QAQM(AA@‘j)T::«AAQ(AAﬂ‘ﬁTZJe:AG,

64" = (a7 (aan)7) 4)" = (a7 ((aa)) (") = 6.

:G’

where we used that (ATA)_l is symmetric in the last equality.
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b. (a) The matricial form of the system is the following:

X
1 1 1 0
-1 ol [V T 1|
T/ < ~—~—

b

The Moore-Penrose inverse of A is the following:

1 1 11

At =AT(AAT) =1 -1 30 _ |y
=AAAN)T =L ST = s s

0 ? 10

(b) The solution of the system of the smallest norm is

1 1 1

3 2 2

+ _ gty — |1 _1| — [_1

T =Ab = 3 5| = 5
1

3 0 0

SOLUTION OF THE TASK 5.

@

a. Since rank A = 2, the matrix AT A € R?** is invertible and hence AT = (ATA)_1 AT,

So,
1

AT: -AT:

|— oolw

| ool
N—= N

1
4

1

4
N
4

b. If the systema Az = b has a solution, then one of the solutions is = = Afb. So,

we have to compute Azt and see, if the result is b.

. 0

f:A%:[QI = Azt = |—1| #b.

1
2

0

So the system Az = b does not have a solution.

c. The vector x* such that the error ||Az* — b||, is the smallest possible, is

A= H |

N[ =

d. The Moore-Penrose inverse of A" is always A by the symmetry in A and A' in the

conditions the MP inverse must satisfy.

SOLUTION OF THE TASK 6.

@
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a. The matricial form of the system is the following;:

0 0] 1
1 —-1| |a 0

11 H e

42 3

e el

b. Since rank A = 2, also rank(A”T A) = 2 and hence AT is equal to

AT = (ATA)AT = 18 8 0 1 1 4
18 6 0 -1 1 2
_ 3 —%”0 1 14]
& 5|0 -1 12
o -3 —]
0 —% %

c. The solution a, b such that az? + bx fits the data best w.r.t. the least squares error
method is

0 L _1 2

t_ 22 2 11
Ale=\ 5 5 1
22 22 11

w N OO =
I
| ——— |
oo 2en
| I |

d. Another generalized inverse of A is

T
0 0
00 00 -1 1
G = ~1\ T = 2 .
11 00 2 —3
4 2
SOLUTION OF THE TASK 7. et

a. The matricial form of the system is the following:
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Since rank A = 2, also rank(AAT) = 2 and hence A' is equal to

2 -1 —1
6 -5
Al = AT(AATY 1 = [ -1 2 [ ]
-5 6
1 -1
]

[
[u— I
—_
I
L
1
o Elo
Sl Elen
|

T4
11 11
_|la =z
_ 11 11
1 1
11 11

b. Since A € R?*3 and rank A = 2, it follows that the system Az = b is solvable and
the kernel of A is one-dimensional. Hence, there is a one-dimensional family of
solutions of the system Az = b. The vector A'b is the solution of the system of
the smallest norm among all solutions.

c. The matrix A is of size 4 x 2. By construction of some generalized inverses, the
matrix

(3 2 00
1 -1 00

is a generalized inverse of any matrix of the form

1
3 2
1 -1 )

i X
where X € R?*? is any matrix, and the matrix
00 3 2
0 0 1 —1]
is a generalized inverse of any matrix of the form
Y
-1
3 2 ,
-~
where Y € R?*? is any matrix. Hence,
s o] - _% : :
A= 21 _12—1 = % _22
3 2 5 5
1 -1 | |5 -3

SOLUTION OF THE TASK 8. et
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a. One possible solution is

1 1 3 1
%5 5 o200, 3 1
_ 1 1 V2 V2 _ |1 3
A_7§_7§001[A_L]_55
0 0 1] ]o o] tv2 V2 0 0
b. The Moore-Penrose inverse of A is
T
1 1
a1 g o1l v Y 3 _1
At = | V2 V2 2 1 1 g =14 4
1 1 o1 ol V2 V2 _1 3 gl
V22 0o 0 1 4o

c. If the system Az = b is solvable, then the vector Ab is the solution of the system
of the smallest norm among all solutions. Otherwise the vector A'h is the unique
solution of the system of the smallest norm w.r.t. the least squares method, i.e.,

|A(ATb) — b = min {||Az — b]| : € R*} .

SOLUTION OF THE TASK 9. T
Let
A=UxVv"

be the truncated SVD of A, where
U= [ u Us } e R¥?  with UTU = I,

V= [vl 02}6R2X2 with VTV = I,

and
¥ = diag(oy,02), where 01 > 09 > 0 are the singular values of A.

By the Eckart-Young theorem it follows that
B = O'1U1’U?,

and hence
|A = Bllr = lloaugv; || = o2l|ugvs ||s.

T
We write vy = [ Va1 V22 } . Then

luzvy | = Nl [uzva,r, uzva] |7 = \/HU2U2,1||% + [[ugva1%
- \/(02,1)2 + (022)2 = [looflr = 1,
where in the third equality we used that |lus|]|[r = 1. So we need to compute only
01,09, V1, u; to determine B and ||A — B||r. We have that
17 8
ATA = ,
8 17

which implies
det(ATA—AL) = (17— N)? =82 = (17T = A =8)(17T = A +8) = (9= \)(25 — \).
So the eigenvalues of ATA are \; = 25, Ay = 9 and hence

10
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The kernel of

ATA —

25 0 -8 8
0 25| | 8 -8

T
contains the vector [ 11 } and hence

Now the first column of U is

=51
|

0 0
1 1 1
wo=cAv = —— | =5 | =— | -1
1= g4 53 NG
-5 —1
Finally,
0 0 0
1 1
B=5ul =5-— | -1 —[1 1}:§ 11
2 2
—1 -1 -1
and
|A=Blr=3.
SOLUTION OF THE TASK 10. ¢
a. We have that
8 2
ATA = ,
2 5

which implies
det(ATA—AL) =8 —=XN)(5—-X) =22 =X — 13X +36 = (A —9)(A — 4).

So the eigenvalues of AT A are A\; =9, Ay = 4. Hence, ¥ in the SVD of A = UXV7T
is equal to

The kernel of

ATA —

vol-13

T
contains the vector [ 21 } and hence

vl—ﬁl.
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Further on,

The kernel of

T
contains the vector [ 1 -2 ] and hence

Ug—ﬁ[_Ql.

Further on,

1 1
Uy = —Avyg = ——
2 = 5402 WG

So, the truncated SVD of A is equal to

a=fow]|y o] [ ]

b. By the Eckart-Young theorem the matrix B of rank 1, which minimizes the norm
|A — B||F is equal to ojujvi. The distance ||A — B||r is ||oaugvd||p = 09 = 2.
Hence, there does not exist a matrix B of rank 1 satisfying ||A — B||r = 1.

SOLUTION OF THE TASK 11. ¢

A(G1CGy)B = AG1CGyB = C.
b. We multiply (1) from left by AG; and from right by G2 B to obtain
8) AGLAX BGoB = AG1CG,B.

Since G (resp. G2) is a generalized inverse of A (resp. B), we have that AG;A = A
(resp. BG3B = B). Hence, (8) implies that

where in the first equality we used (1). This proves (b).

AXB = A(G1CGy + Z — G1AZBG»)B
— AG1CGyB + A(Z — G1AZBG»)B
= C+ AZB — AG,AZBG»B
—C+AZB - AZB =C,
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where we used (b) in the second equality and the definitions of Gy, G2 in the third
equality.

Note: If (1) is solvable, then all solutions are of the form given in (c). Indeed,

if X solves (1), then X = G1CGy + X — G1AX BG4, which means that Z = X is
one appropriate choice.

Nonlinear systems

SOLUTION OF THE TASK 12. i
We define a vector function F : R? — R? by the rule

1
F(z,y) = f(z,y) — (2,3,1) = (2* + y*, 2 + V1 — 3,sinx + §y2 —4).

After one step of Gauss-Newton method the approximate of the least squares solution of
the system F'(z,y) = (0,0,0) will be

[ . ] = [ . ] - ((JF)(JJO,?JO))TF(CUOWO)'

Y1 Yo
We have
2 3y° 0 3
(JF)(z,y) = 1 eyt = (JF)O0,1)=1] 1 1
cosr Y 11
Since

. 0117]"° 2 2
(RO -unoy =, 1=,
11

is invertible, it follows that

2 2 011
2 11 3 11

1 [ 11 =2 01 1
18| —2 2 311

1699 |53 3
181 6 00 100
and
1
AROREEEIINRE:
% 1 $ 00 2
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SOLUTION OF THE TASK 13. @
We define a vector function f : R? — R? by the rule

—~

B fi(z,y) | sinz+cosy+ e
e = | e ||

arctan (r +y) —ay |

We are approximating the zero f(z,y) = 0 of f using one step of Newton’s method with
the initial approximation (z¢,yo) = (0,0). The Jacobian Jf(z,y) of f is

% %—’;1 cosx + ye*¥ —siny 4+ re™
Jf(x7y) = % % = 1 . 1 .
dr Oy Gyl Y Gryrr 7
So
Ty T -1
= - (Jf(l”o,?/o)) f(anyO)
Y1 Yo
- —1
1 0 2
B 11 0
1 0 2 —2
-1 ol | 2 |’
SOLUTION OF THE TASK 14. et
a.
2¢ — 10 20+1 -6 9
JF(a) = / (a) = .
2t —1 —2y+10 3 2
b.
xr— 2
LF,a(x7 y) = F(a) + JF(CL)
y—4
[ 4 -6 9 T —2
|26 3 2| y—4
[ —62 + 9y — 20
| Bz 42y +12

c. We are searcing for zeroes of the vector function

1
G(z,y) = F(z,y) — [25]



38

with the initial approximation (zg,yo) = a. One step of Newton’s method:

21 [ Lo 1
[ ] = - JG(G) G<5C0,y0)
U1 | Yo
~ - —1
2 —6 9 3
B | 4] 3 2 1
[ 2 . 1] 2 -9 3
L4 39 -3 6|1
1 25
T 13| 47
SOLUTION OF THE TASK 15. ¢

a. We define a vector function of a vector variable F' : R? — R? by

F1<J],y,2) $2+y—37
F(.T,y,Z): Fg(:v,y,z) = .T—y2—5
Fs(z,y, 2) r+y+z—3

We are searching for the solution of F(z,y,z) = 0 using Newton’s method. We

have that
oD = O _ (JF(U(O)))AF(U(O)),
where
OF(z,y,z) OFi(v,y,2) OFi(z,y,z)
1690 18y 162 2w 1 0
OF>(z,y,z OF>(z,y,z OF>(z,y,z
JF(.CIZ,y,Z) _ sz%y ) Fz(ayy ) Fzgzy ) _ 1 —2y 0
OF3(z,y,z) OF3(z,y,z) OF3(z,y,z)
saxy Sayy Sazy 1 1 1

is the Jacobian matrix of F'. So
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We compute (JF(U(O)))_l using Gaussian elimination:

01 0|1 0O 1 0 0[O0 1 0
10 0{0O1 O] _~ |101TO0]1 00O
~—

1 1 1|10 0 1

1 1 1|0 0 1 |5aek

[ JF(U<VO>) | 15 |

So
0O 1 0 —37 5
W=—11 0 0 -5 | =] 37
-1 -1 1 -3 -39
b. The surface is parametrized by
N x x
30
f(z,y) 8xry + 4
The tangent plane to the surface in the point (1, 1) is
[ 1 1 0
L(z,y) = 1 + 0 (x—1)+ 1 (y—1)
| (L) o T
[ 1 1 0
= 1 + 0 (x—1)+ 1 (y—1)
| (8zy +4)(1,1) (8y)(1,1) (8z)(1,1)
[ 1 1 0
=| 1 |+]0f(x—-1)+|1]|(w—-1)
12 8 8
[ x
= ) )
I —4 + 8z + 8y

or z =—44 8z + 8y.

SOLUTION OF THE TASK 16. et
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%(w, Y, 2) 2x + 3y
Vi(x,y,z)= %(x,y,z) = | 3+ 23
Y (z,y,z) 3y

T
b. We are searching for the solution of Vf(x,y,z) = [ 0 00 ] using Newton’s

method. We have that

v® =@ — (J(VF)0D) (V) (),

where
Pf(zy,2) 2f(zy,z)  Of(zy,2)
Ox? Ox0y 0x0z 2 3 0
02 92 0

TV w,y,2) = | g S A =13 0 32
Pf(xy,z)  flzyz)  Of(xy2) 2
Ox0x Oyodz 0z2 0 3z 6y2

is the Jacobian matrix of V f. So

2 30
JVAHRY =13 01

010

We compute (J(V f )(U(O)))fl using Gaussian elimination:

2 3 0[1 00 2 3 0[1 00
3011010~ 010001
01 0{0 0 1% 30 1[0 10
VD) | L ]
1 00[: 0 =3
~ 010[{00 1

t=1(0-3¢
=0 e 1Mo 1 o

1 00
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So
1 3
1 3 0 —3 9 0
1 — _ B
v =1 0 0 0 1 3+ i | = 0
1 301 9 0 2
V3 2 2 3v3
SOLUTION OF THE TASK 17. @
We define a vector function of a vector variable F' : R? — R? by
Fi(xy1,29) VT In(a? + 23) — \/%? sin(z1x9) — In(27)
F(l’l, IQ) = =
FQ(Z‘l, ZL’Q) e 4 \/L?r COS(xle)

We are searching for the solution of F'(z1,x2) = 0 using Newton’s method. We have that
v = O _ (JF(U(O)))_lF(U(O))7

where

[ OFi(z1,22) OFi(z1,22)
ox1 Oza

JF(xl,QZQ) =

OF>(z1,22) OFa(x1,22)
8x1 81‘2

_ ﬁéﬁ;g — 2% cos(2122) ﬁéﬁg — Jk cos(w122)

eriTr2 — 3—27; sin(z122) —en T — 3_177 sin(z122)

is the Jacobian matrix of F. So

JF(U(O)):ll_(_l) 1—(—1)]:[2 2 ]

1 -1

We compute (JF (U(O)))fl using Gaussian elimination:

2 2 (10 1 1|3 0
[1 -1 11 ;:§7 0 —2|-1 1
[JF@(VO)) | | =0

1 0|1 1
zgz\;;zg, 0 1 411 _% )
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So
" [ /7 Lol V7 In(27) — In(2n)
v\ = —
1 1 1
| VT i 72 NG
B VT — 3/ In(27) + ;1 In(27) — L + #
VT - 1VTIn(27) + 1ln(27) + 1 — ﬁ%
[ 1.20
T e |
Curves and surfaces
SOLUTION OF THE TASK 18. T

The parametric form r : R? — R3 of the tangent plane to S in the point (z,y) = (-1, 3)
is

r(u,v) = f(—=1,3) + ufs(—1,3) + vf,(—1,3)
= (_17379(_173)) tu- (1,0,993(—1,3)) tu- (O’ 1>gy(_173))‘

We have
g(—1,3) = (=1)* — (=1)*-3+3*—2(=1) +3-3 -2 = 14,
guo(z,y) =32" =20y —2 = g,(—1,3)=3-2(-1)3-2=7,
gy(x,y) = -2 +2y+3 = g,(-1,3)=-1+2-3+3=38.
Hence,

r(u,v) = (—1,3,14) + u(1,0,7) + v(0,1,8) = (=1 + u, 3 + v, 14 + Tu + 8v).

For the implicit form of the tangent plane we need its normal

1 0 —7
= fo(~1,3)x f(-1,3)=| 0 | x | 1| =] -8
7 8 1

Hence, the implicit form
(z,y,2) = f(-1,3) -7
is
—Trx—8y+2=7—-24+14 = -3.
SOLUTION OF THE TASK 19. s

The sketch of the curves and the bounded region in the intersection is the following, where
r1(¢g) is the blue curve and ry(p) is the orange one:
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20

Since sin @ and cosp are periodic function with a period 27, it is enough to restrict
ourselves to the interval [0, 2¢]. First we have to determine the points, where the curves
intersect. As seen from the sketch, one of the points is the origin (0, 0), where both polar
radii are 0. This is true for ¢ = « for r; and ¢ = 37” for 9. The other intersections can
occur for nonzero radii, in which case they have to be the same at the same angle. We
have that

. T om
ri(p) =m2(p) & sing=cosp & WG{Z’Z}‘

So the other two intersections are points

A= (s (o (Pon ()
o o () (5) () ().

We see from the sketch that the intersection consists of the area enclosed by r;(¢) on the

and

interval [%, %’r} and the area enclosed by r2(¢) on the union of intervals [0, ﬂ U [%, 27r] .
Hence,
1 [T , 12 , 1 /7 ,
area = o [ (r(p)) dp+5 [ () do+g [ (r2(0))” de.
™ el 0
4 4
Further on,

5m 57

4 4
(14 cos )? dp = (14 2cos @ + cos? ) dp

R
RS

5w
1

1 3
@+ 2sinp + Zsiano} = §7r—2\/§,

DO | o

T

IS
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where we used cos® x = %(1 + cos 2x) in the second equality. Similarly

™

2
ﬁ (14 sin ¢)? dg0+/4(1+sing0)2 dp =

T 0

4

s

0
—/ (14 sin ¢)? dc,p+/4(1+singo)2 dp

-3z 0

I ) 3 1 I
:/ (1+siny)” dp = {—(p—QComp——sinQ(p

_%TTF 2 4 7T37r
:gw—zx/é,

where we used sin? z = %(1 — cos 2x) in the third equality. So, area = %7? —2v/2.

SOLUTION OF THE TASK 20.
The sketch of the curve is the following:

The sketch of the projections to xy-, xz- and yz-planes are:
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The arc length is the following:

[Twwra= [

-2 -1

||(4 cos(2t), —4sin(2t), 3)|| dt

2
— / \/ 16 cos?(2t) + 16 sin?(2t) + 9 dt
0

27
:/ V25 dt = 10r.
0

SOLUTION OF THE TASK 21.

z(t)=0 << 2t—
y(t)=0 <& 3t—

=0 <

B?=0 <

t(t—2)=0 <

t(3—1t) =0

Intersections with y-axis: (0,0), (0, —2).

=

t € {0,2},
t € {—V3,0,V3}.

Intersections with z-axis: (—2v/3 —3,0), (0,0), (2v/3 — 3,0).

r(t)=0 <
yt)=0 <

Horizontal tangent: (—3,—2), vertical tangents: none.

2—-2t=0

3-3t2=0 <

c. From the part above (1, 2).

d. lim f(¢t) =

t——00

7]

t—o0

=

|

t=1,

—O0

—00

] |

1-2=0 <

te{-1,1}.
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e. Assume that t # s.

l—2(t)=1-2(s) < 1-2t4+t*=1-25+5"
& (1-t)P*=(01-s)?
& 1—-te{l—ss—1}.

Since t # s, 1 —t =5 —1 and hence s =2 —t. Thus

yt) =y(2—t) < Ht-t*=32-t)+(2—1)
& B3 -3t24+3t—-1=0
& (t-1P%=0 < t=1.

But then s=2—-1=1 and s =t.

f. Using the information above, the sketch of the curve is the following:

SOLUTION OF THE TASK 22. ¢

a. We have

ri=ri-2sing = 2*+y’=2 & S+ y-17=1,

ngrg-Zcosgp = x2—|—y2:2x g (x—1)2+y2:1,

where we used r? = 2% + y?, r;cosp = x and 7;sing = y, i = 1,2. The first
equation r1(y) is the equation of the circle with center at (0,1) and radius 1, and
the second r9(¢) is the circle with center at (1,0) and radius 1. The sketch is the
following
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b. The area can be computed using elementary geometry or using the formula for
integrals of regions in polar coordinates. If A is the shaded region in the plot, then

1 /2 /2
A= —/ (2cos p)? dp = / (1 + cos(2¢)) de
2 w/4 w/4
B +sin(2gp) ”/2_7r_ 1
N AT )
and the total area is 24 = g — 1.
SOLUTION OF THE TASK 23. T

a. The intersections with the x-axis correspond to y(t) = 0:
yt) =0 < t2—4=0 & t=t,=-2 t=ty=2
Hence, there are two intersections with the z-axis:
P =7(-2)=(0,0), (2) = (0,0).
The intersections with the y-axis correspond to x(t) = 0:
rt)=0 & —4t=0 & tt*—4)=0 <& t=t,t=1y t=13=0.
Hence, there are three intersections with the y-axis:
(—2) = (0,0), 7(2) = (0,0), Q =7(0)=(0,—4).
b. The tangent to the curve at the point ¢t = ¢, is
§(\) = 7(to) + X () (to).
Hence,

5(A) = (=3,-3) + A3t — 4,2t)(1) = (=3, -3) + A(—1,2) = (=3 — X\, =3 + 2)).
c. The tangent to the curve is horizontal at the points where /() = 0. Hence,
y(t)=0 o 2=0 & t=0,

and the point is Q) = (0, —4).

The tangent to the curve is vertical at the points where 2/(¢) = 0. Hence,
2 2

_7t — T T =
NCERRE

dt)=0 & 3H—-4=0 & {4=
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and the points are

16 8 16 8
R— (__,__) ~ (3.079, -2.67), S = (—,__) ~ (—3.079, —2.67).
3v3 3 3v3 3

d. Self-intersections correspond to different values of ¢, to, where 7(t,) = 7(ts):
F(t) =7(ty) & 8 —4t) =1t —4t, and 2 —4=1;—4
& -4t =13 — 4ty and 2 =t
& -4t = () +4t; and ty=—t

& 26(t]—4)=0 and t,=—t
& 1 =2t =—-2 or t1=-2t =2

Hence, the only self-intersection is the point P.

The area A inside the loop formed by the curve between t; = —2 and t, = 2 is

A= %/22 (% — 4t)2t — (£ — 4) (3¢ — 4)| dt

1 2
z—/ |—t* + 8t> — 16| dt.

-2
Since

th— 82 +16 = (12 —4)* = (t — 2)*(t + 2)%,
we have that
|—t" + 8t — 16| =t* — 8> + 16

for every t € R. Hence,

1 /2 {8 1 > 512
A:—/ (t* =8t +16) dt = = | — — 8=+ 16t| =—.
205 3 L

30

e. The sketch of the curve is the following:

SOLUTION OF THE TASK 24.
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a. Self-intersections are points such that (t1) = v(ty) for some ¢; # t:

Yt) =9ty & t-ti+1=t—t+1 and & =13,
th—ti+1=—t+t+1 and ty = —t,

2t,(t? —1) and t3 =13,

t1=0,ty=0 or t;j=—ty=1 or t;=—ty=—1.

Tt ¢

Hence, the self-intersection is v(1) = v(—1) = (1, 1).

b. The angle at which v intersects itself in the self-intersection is the angle between
the tangents 7, v2 in (1, 1):

Y(A) = (L) +A-5(1) = (L,1) + A (3% — 1,2t)(1)) = (1,1) + A(2,2),
Yo(A) = (L,1) + X-5(=1) = (1,1) + A (3% — 1,2t)(—1)) = (1,1) + A(—4, —2).
Hence,

e R < (4 7) - () w2

So, the angle between the tangents is 7 — 2.82 ~ 0.32.

c. The point at which v reaches a a global minimum in the y-directions satisfies
2(#?) = 0. Hence, 2t = 0 and ¢ = 0. The point is (1,0).

SOLUTION OF THE TASK 25. et

a. The sketch of ~ is the following:
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b. The natural parameter s(¢), which measures the arc length between the points
7(0) and () is

¢ ¢
:/ |17 ()| du:/ |(—2sinu,2cosu, —1| du
0 0

t
:/ \/4sin2u+4c082u+1du
0

I/Ot\/gdu:t\/g.

Hence, t(s) = \/ig and the parametrization of the curve with the natural parameter

- (o(3) am(5) -5)

c. The point (2,0,0) corresponds to ¢t = 0, while (2,0,27) to t = —27. Hence, the
arc length between this points equals by symmetry to s(27) = 2mV/5.

SOLUTION OF THE TASK 26. ¢

a. The angle at which the surfaces intersect at P is the angle between the normals to
their tangent planes at the point P, i.e., between their gradients at the point P:

ATCCOS ( ((grad IT)(P), (grad X)(P)) >
lgrad IT)(P) ]| [|grad Z)(P)|

Zarccos( ((22,2y, —2)(P), (22, 2y, —1)(P)) )
122, 2y, —2)(P)| 122, 2y, —1)(P)]|
—2), (

( (P
I Eg ) ~2)| \1?2,2 2_1);0 o (ﬂizow)
= arccos ﬁ ~ (0.28.

b. The intersection of the surfaces satisfies

2 2\2
x2+y2:—(m J;y) = 2:x2+y2 = z=2

So this is a circle with the parametrization
() = (\/5 -cost,V/2 - sint, 2) :
The tangent to this circle in the point (1, 1,2), which corresponds to ¢t =
0N = (1,1,2) + A- (7' (%))

=(1,1,2) + X~ <<—\/§-Sint,\/§-cost,0> (%))
=(1,1,2) + A (—1,1,0).

us

1518

c. The tangent plane to ¥ at @ := (a,b,c) = (1,2,5), which is given implicitly by the
equation
F(z,y,2) =0,
where
F(z,y,2) =2 +9* — 2,
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is determined by

0= (5@) -0+ (5@)-w-0+ (5@) -0

= ((20)(Q)) - (z = 1) + (29)(Q)) - (y = 2) + (=1)(Q)) - (z = 5)
=2(x—1)+4(y—2)— (2 —5).

SOLUTION OF THE TASK 27.

a. The intersections with the z-axis correspond to y(t) = 0:

5t 7w 3w 11
cos(3t) =0 & te{%,g,%,g,g,%}.

The corresponding points are
1(5)=1(5) - (50
/)= (050) - 00,
1) =1(5) = (0 50) = (- 30).

f(%) = <sin 3;,0) = (—1,0).

The intersections with the y-axis correspond to z(t) = 0:

sint=0 <« te{0,72n}.

Il
/
N | —

o
N——

The corresponding points are
f(0) = f(2m) = (0,1),
f(m) =(0,-1).
b. The tangent to the curve is horizontal at the points where /() = 0. Hence,

—, 0,27

T 27 47 br }
377333 '

(cos(3t)) =0 & —3sin(3)=0 o te{O

The corresponding points are

~
~—~
o
S~—
I
~
—~
)
3
S~—
I
—~
=
—_
S~—

1(5)- (%)
1(5) - (%)
f(m) = (0,-1),
1(5)- (- %)
15) - (- %)

The tangent to the curve is vertical at the points where /() = 0. Hence,

3
(sint)) =0 < cost=0 < tE{g,g}.
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The corresponding points are

1(3) = o
()= o

c. The sketch of the curve is the following:

0.8

0.6

| \\ /

\ z’f

0.2F L
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|
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|
|
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0.4
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0.6
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\\\ |
h
4
%
X

L
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/
\
£ 1

\ !

\

B —

-1 0.8 -06 -04

SOLUTION OF THE TASK 28.

a. The tangent is horizontal in the points where y/(¢) = 0:
20-2=0 & =1

The corresponding point is

FO)=(1—=5+3+11,1—2+3) = (10,2).

by

The tangent is horizontal in the points where 2/(t) = 0:

32 —10t+3=0

t1p = 5

The corresponding points are

\ P
\
08 f \ .'
08| ; L /
. \\\ \ \ /
02 0 02 04 06 0

10 £ 100—36G

8 1

f(3) = (27 —45+ 9+ 11,9 — 6 +3)

(27 6)7

f(3‘1):(3‘3—5-3‘2+1+11,3‘2—2-3‘1+3):(

310 22
2779

> ~ (11.5,2.4).
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b. The curve has self-intersections, where f(t) = f(s) for t # s. We have that
* =5t +3t+11=5" — 55"+ 3s + 11
& tP—sP =5t —5%) —3(t—s)

(10) & tP+ts+s>=5(t+s)— 3,

where we divided by ¢ — s in the last line. Further on,

£ —2t+3=5"—25+3
& t?—s7=2(t—s)

(11) & t+s=2,

where we divided by ¢ — s in the last line. We use (11) in (10):

Ht2-t)+2-t)?=10-3=7
and hence
0=1t>—2t—3=(t—3)(t+1).

The solutions are t; = 3, to = —1 with the correspoding s; = —1 and sy = 3. So
the only point of self-intersection is f(—1) = f(3) = (2,6).
c. We compute

lim f(t) = (—o0, 00) and lim f(t) = (00, 00).

t——o00 t—o00

The sketch of the curve is the following:

1 L L L L 1

-10

SOLUTION OF THE TASK 29. @
Since 7(¢p) is periodic with a period 27, we can restrict 7(p) to the interval [0,27]. The
sketch of r(y) is the following:
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Let us write down r(¢p) for various ¢:

T 27 3T 4 5 (s T s [Shs 107 117

@ ‘0 5 3 & o 1% |6 3 a3 5 %

rle) 214120+ V3) |6 |20+V3) [ 4| 2]0[20=vV3)|-2[20-v3)| 0
~5.46 ~5.46 ~—1.46 ~—1.46

Using this calculations we can sketch the curve:

L N e N T
-3 -2 = 2 3

We see from the sketch that the smaller bounded region enclosed by 7(y) is obtained by

restricting ¢ to the interval [ZF, UT]. Its area A is
1 [ 1 [
A=- () dp = —/ (2 + 4sin p)* dyp
2 In 2 Iz
117
L [ : 9
:5/ (4 4+ 16sin ¢ + 16 sin” ¢) dp
T
’ 11w
1ix ur 1 (6
=2[p|4 +8[—cosy| —|—§/ (8 — 8cos(2¢p)) dy
6 6 Vs

6

4 1 ur 12
=§—8ﬁ+4[¢]£ — 2 [sin(2¢)]2° :T”—s\/ﬁ,
6 6

where we used that sin® p = (1 — cos(2¢)) in the fourth equality.

Differential equations

SOLUTION OF THE TASK 30. ¢

a. An equivalent form of the DE (2) is
(2zy — 92?) dx + (2y + 2> + 1) dy = 0.
—_— —_——
M (z,y) N(z,y)

Since M(x,y) and N(x,y) are differentiable functions for every (z,y) € R?, the
DE (2) is exact if and only if

oM ON
8_y($’y) - %(w,y)
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We have

and hence the DE (2) is exact.

b. Solutions of the exact DE are level curves u(z,y) = C, C € R, of the potential
function u(zx,y), i.e., a function which satisfies

ou ou

8_x(x’y) :M(Jf,y) and 8_y(x’y) :N(x,y)

Hence,

u(z,y) = /M(x, y)dz = 2%y — 32° + C(y),

u(z,y) = /N(:v, y)dy = y* + 2’y +y + D(z),
where C'(y) and D(z) are functions of y and x, respectively. So,
u(z,y) = 2%y —32° + 1y  +y + E,

where E € R is a constant. The level curves of u(z,y) are given by the equations
(12) 2’y -3 +y*+y=C, CeR.

The solution satisfying y(0) = —3 is the level curve (12)

0 (=3)=3-0°+ (=3 +(-3)=6=C
with C' = 6.

SOLUTION OF THE TASK 31. @
We introduce the functions x1(t) := y(¢) and x5(t) := 2}(t). The DE (3) converts into
the system

(1) = 2a(1),

Th(t) = —24x () — 11a9(t).

z) (t) B 0 1 x1(%)
y(t) | | =24 =11 || @) |

J/

(13)

-~

A
The eigenvalues of the matrix A are the roots of the following determinant
0
D = (=N (=11 =) +24 =N+ 11\ + 24 = (A + 8)(A + 3).

det (A —
A

SO7 )\1 = —8 and )\2 = —3.
The kernel of

contains the vector
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The kernel of

contains the vector

1
Uy = .
-3
So, the general solution of the system (13) is
r1(t 1
1) =C-e . +Cy e :
(1) -3

where C; and C5 are constants. Hence, the solution of the initial DE is

y(t) = Ce™® + De ™,

where C, D are constants.

SOLUTION OF THE TASK 32. ais
Multiplying the DE with y? we get
(14) 3y?y cosx + y¥sinz — 1 = 0.
Introducing a new variable z = y3, (14) becomes
(15) 2 cosz+ zsinz — 1 =0.
The homogeneous part
2 cosx+ zsinz =0
can be solved by separation of variables. We get
dz
z

= —tanz dx

and hence
d
log |z| = —/tanx dr = /_u = log|u| + log K = log(K cos z),
u
where we used the substitution u = cosx in the third equality and K is a constant. So
the solution of the homogeneous part of (15) is

zp(x) = K cos .

To find one particular solution we use variation of constants, i.e.,
zp(x) = K(x) cosx.

Plugging y,(x) into (15) we get

(16) K'(z)(cosx)* = 1.

(16) is a separable DE:
1

(cosx)?

1dK = dx = K = tanz.

Hence,
zp(x) =tanx - cosx = sinx,
and the general solution of (14) is

wl=

y(z) = K(cosz)? + (sinz)3.
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Using that y(0) = 1 we get K = 1.

SOLUTION OF THE TASK 33. T
The matrix form of the system is

The eigenvalues of the matrix A are the roots of the following determinant

det (A —

So, Ay =1 and \y = —1.

i]) :(2—/\)(—2—)\)+3:/\2—4:(/\—1)()\—1—1).
The kernel of

SR

contains the vector

The kernel of

contains the vector

;

where C] and Cy are constants.

The phase portait is the following:
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N SOOI S
S
o

SOLUTION OF THE TASK 34.

@

First we solve the homogeneous part of the DE. The characteristic polynomial is A> —4\+5

with zeroes
Al =
So, two linearly independent solutions to the homogeneous part are
(1) = e@Ht = it and ya(t) = @Dt = et

Two real linearly independent solutions are

=2=£.

44 +/16 — 20
2

yr(t) = e* cost and Yro(t) = e* sint.
A general solution of the homogeneous part is
yn(t) = Ayr1(t) + Byra(t), where A, B €R.
To find one particular solution of the DE we can use the form
Yp(t) = C'cost + Dsint,

where C, D are some constants. Plugging this form into the initial DE we obtain

(—Ccost — Dsint) — 4 (—C'sint + D cost) + 5(C cost + Dsint) = 8 cos z.

Comparing the coeflicients at cost and sint on both sides we obtain the system
4C —4D =8 and 4D +4C =0,
with the solution C' = —D = 1. So a general solution to the DE is
y(t) = yn(t) + y,(t) = €*(Acost + Bsint) + cost — sint.

The solution with a local extremum in the point (0,2) is determined by the conditions

y(0)=2 and  ¢(0)=0.
We get
y(0) =A+1,

2 pu—
0=1y'(0) = (2¢*(Acost + Bsint) + e*(—Asint + Bcost) — (sint + cost)) (0)

=2A+B—1.
SoA=1and B=—1.
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SOLUTION OF THE TASK 35. @
The system in the matricial form is the following;:

L]

First we will solve the homogeneous part of the system.

X

+ f(1).

Y

2-2 -1

det(A — A\I) = det [
-2 1=

]:(2—)\)(1—)\)—2:)\(/\—3).

Hence, det(A — AI) = 0 for Ay = 0 and Ay = 3. Further on,

2 1] [2 -1 1
ker A = ker = =qa raeR
_—2 1 | _0 0 2

1 1 [ 1 1 1
ker(A — 31) = ker = ]:{a[ ]:aER}.
| -2 -2 0 0 -1

Thus the solution (z,,(t), yx(t)) of the homogeneous part is the following:
Tn(t 1
) = + Be* ,
yn(1)) -1

where «, § € R are constants.
Now we will find one particular solution (z,(t),y,(t)) of the system using the hint.
Plugging the form of the particular solution from the hint into our system we obtain:

24t + B=2(At? + Bt + C) — (Dt* + Et + F)
= (2A - D) + (2B — E)t + (2C — F),
2Dt + E = —2(At” + Bt + C) + (D’ + Bt + F) + 18t
= (=2A+ D)¥* + (=2B + E + 18)t + (—2C + F).

1
2

(17)

By comparing the coefficients at 1,¢,¢% in (17) we get the system:
2A—-D=0, 2A=2B—-F, B=2C-F, 2D=-2B+FE+18, E=2C-F,
with a one parametric family of solutions
(A,B,C,D,E, F)=(3,2,C,6,—2,—2+2C),
where C' € R is a constant. Choosing C' = 0 we get
(z,(t), yp(1)) = (3> + 2t,6t> — 2t — 2).
(18) [ () ] =«

e 1 N 3t2 + 2t
y()) o 62—2t—2 |

We plug (0) =1 and y(0) = 0 in (18) and obtain a =1, § = 0.

Finally, a general solution is

1

SOLUTION OF THE TASK 36. et
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a. The exact solution can be obtained using separation of variables:

dy 9 dy 1 9 1
— =2 = —=2rdr = ——= c = =— .
i Ty " T dr y T+ Y 210
The solution passing through the point (0, 1) is obtained by
1 1
=l=—— = (C=-1 = = :

b. Using Euler’s method to estimate y(0.4) we get:
y1=y(02)=1+02-(0-1%) =1,
yo = y(0.4) =1+0.2-(2-0.2-1?) = 1.08.

The exact solution is

1
0.4) = ~ 1.2
v04) = 75715
SOLUTION OF THE TASK 37.
First we solve the homogenenous part
T+t —2x=0.

The characterstic polynomial is p(\) := A\* + A\ — 2 and hence
pA) =0 < (A=2)(A+1)=0.
So, the solution of the homogeneous part is
xy(t) = Ce* 4 De™,
where C'; D € R are constants. To find one particular solution we use the form
z, = At* + Bt + C.
Hence, &, = 2At + B and %, = 2A. Plugging this into the DE we obtain

(19) 2A+ (2At + B) — 2 (At* + Bt + C) = t*.
Comparing the coefficients at 1,¢,t% on both sides of (19) we get the system
2A+ B —-2C =0, 2A —2B =0, —2A=1,
with the solution . . 5
2’ 2’ 4
Hence, the general solution of the DE is
1 1 3
z(t) = Ce* + De™" — 5152 5t

SOLUTION OF THE TASK 38.
The DE can be solved by separation of variables:

dy
1+ 92
The particular solution, which goes through the point (1,0), is

=2 dr = arctany =2+ C.

arctany(1) = arctan(0) = 0=1*+C = C=-1 = arctany=2"— 1.

SOLUTION OF THE TASK 39.

@
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a. Stationary points satisfy £ = y = 0. Hence,

t=2y+1=0 and y=2+2y=0 & 2y=-1 and z=1
& y=-—1 and x=1.

b. To classify the stationary point (1, —1) we have to linearize the system. We denote
the right side of the system by

flz,y) = (zy + 1,2 + zy).

Hence,

N e a7
gl ’ y+1
x r—1
(] Y (1,-1) ] -
1+y = y+1
1 1] [z -1
Lo 1 |y+1
C[rty+2
y+1

The behaviour of the system depends on the eigenvalues of (Jf)(1, —1):

o P\ 1
det((Jf)(l,—l)—)\I2)_[ . 1_A] = (=1 - A)(1— ).

Hence, the eigenvalues are Ay = 1 and Ay = —1. The solution of the system is of
the form

—1

C-e-vy+D-et-vy+ .

Y

where vy, vy are the eigenvectors of (Jf)(1, —1) for the eigenvalues 1, —1 and C, D
are constants. The point (1, —1) is a saddle.

c. The sketch of the phase portrait is the following:
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SOLUTION OF THE TASK 40. @
First we solve the homogeneous part of the DE:
w =y = %:% = Inlyl=Inlz|+k = yu(z)=Kur,

where k, K € R are constants. Now we have to determine one particular solution. By the
form of the DE we can try with the form

y,(r) = Az® + Ba* + Cx + D,
where A, B,C, D € R are constants. Hence,
y(r) = 3A2” + 2Bz + C
and plugging into the DE we get
(20) 2(3A2* + 2Bx + C) = Az® + Ba* + Cz + D + 22°.
Comparing the coefficients at 3, 2% x,1 on both sides of (20) we obtain the system
3A=A+2, 2B=B, C=C, 0=D.
Hence,
A=1, B=D=0 and C € Ris arbitrary.
We choose C' = 0 and get
yp(r) = 2%,
The general solution of the DE is
y(r) = ypu(z) + yp(r) = Ko + 2°.
The solution which passes through the point (2,3) is
y(2)=3=2K+8 = K:—g = y(x) :—gx+x3.
SOLUTION OF THE TASK 41. s
First we solve the homogeneous part of the DE:
y' +y —6y=0.
The characteristic polynomial is

pAN) =X+ A-6=(\+3)(A—2)
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with zeroes A\ = —3, Ay = 2. Hence, the solution of the homogeneous part is
yn(x) = Ce " + De*,
where C, D € R are constants.

To obtain a particular solution we can try with the form

(21) yp(z) =az® +br+c = y(z)=2ax+b = yo(z)=2a
Plugging (21) into the DE we obtain
(22) 2a + (2ax + b) — 6(az® + bz + ¢) = 36m.

Comparing the coefficients at 2, z, 1 on both sides of (22) we obtain a system
—6a =0, —6b+ 2a =36, 2a-+b—6c=0,
with the solution
a=0, b=-6, c=-1.
Hence, the general solution of the DE is
y(7) = yp(z) + yp(x) = Ce ™ + De* — 67 — 1.
The one satisfying the initial conditions
y0)=C+D—-1=1
y'(0)=-3C+2D—-6=1,

is the one with

13
C=——, D=—.
5 5
So the final solution is
(x) = —3673‘% + Ee% — 6z —1
=75 5 ‘
SOLUTION OF THE TASK 42. 1~
First we solve the homogeneous part of the DE:
dy dx K

2y +ay=0 = = —Inly|=hjz|+k = wyl(z)=—,
Y x x
where k, K € R are constants. Now we have to determine one particular solution. By

variation of constants the form of the particular solution is

K(x)
yp(x) = x’
where K (z) is a function of x. Thus,
K'(z)r — K(z
) o) = K2 K

and plugging (23) into the initial DE we get
K’ - K K
L K@ - K@) | K@)

5 + +3=0
x x
Equivalently,
(24) K'(z)z+3=0.
We solve the DE (24) by separation of variables:

dK d 1 1
e ax ——K=lnlz|] = K=lh—

= .
3 x 3 |z|3
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Since in the initial conditin = > 0, we have K = In xis and y,(z) = In % - 1. So, the general

3
solution of the DE is
1\1
y(z) = yn(x) + yp(x) = (K +1In —3> -,
x3 ) x
The solution which passes through the point (1, 1) is

1\1
y1)=1=K+Ihl = K=1 = y(x):(1+ln—3>—.
23 ) x

SOLUTION OF THE TASK 43. @
The matricial form of the system is the following:

x’(t)] B [—2 5] [x(t)]
vy |1 2] o]

A

We compute the eigenvalues of A:

(—2-N)2—-N)—=5=X-9=(\—-3)(A+3).

—-2—-X 5
det (A — Al3) = det
1 2—-A

Thus the eigenvalues are \; = 3 and Ay = —3. The kernel of

30 -5 5
A —
0 3] 1 —1]

contains the vector

The kernel of

contains the vector
-5
Uy = .
1

So, the general solution of the system is

T -5
[ +Cg'6_3t- [ ] N
Y 1

where C} and Cj are constants. The solution, which satisfies 2(0) = y(0) = 1, is:

—C, -t

1

C
"1

+ C
211 1

-5 1
]—[ ] = 01—502:1, Cl—|—02:1

= 01:1702:0.
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SOLUTION OF THE TASK 44. ¢
The DE is of the form

2xy dx + (2° + 3y*) dy = 0.

It is indeed exact, since

d(2zy)  d(a*+3y%) oy
dy dx -

We have that
/ny dx = 2%y + C(y),

/(132 + 3y2) de = 2%y +y° + D(x),

where C'(y) and D(z) are functions of y and x. Hence, the solution of the DE is a family
of functions

u(z,y, K) =2’y +y° + K,
where K € R is a constant.

SOLUTION OF THE TASK 45. @
First we solve the homogeneous part of the DE:

y" + 9y = 0.
The characteristic polynomial is
p(A) = A2+ 9= (\—3i)(\+ 3i)
with zeroes \; = 3i, A\ = —3i. Hence, the solution of the homogeneous part is
yn(z) = Ce3® 4 De=3,
where C, D € C are constants. Another way of expressing all solutions of the DE is
yn(x) = C cos (3x) + Dsin (3z),
where C, D € C are constants.

To obtain a particular solution we can try with the form

(25) yp(z) = az® +br+c = y(z)=2ax+b = yo(z)=2a
Plugging (25) into the DE we obtain
(26) 2a + 9(ax® + bz + ¢) = 22* — 1.

Comparing the coefficients at %, x, 1 on both sides of (26) we obtain a system
9a =2, 9 =0, 2a+49c=—1,

with the solution

2 13
“Ty BT
Hence, the general solution of the DE is
. 2 13
y(z) = yn(x) + yp(x) = Ccos (3x) + Dsin (3x) + §x2 ~ 3

The one satisfying the initial conditions

13
—= _——_— = 1
y(0)=C TR

y'(0)=3D =1,
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is the one with

94 1
C=—, D=-.
81’ 3
So the final solution is
94 1 2 13
y(x) = g1 °os (3x) + 3 sin (3x) + §x2 SR
SOLUTION OF THE TASK 46. ¢

a. The stationary points satisfy @ = ¢y = 0. Hence:
r3—2r—-2y)=0 = x=0 or z=3-2y,
y4d—-3zx—y)=0 = y=0 or y=4-3x.

If 2 # 0 and y # 0, then y = 4 — 3(3 — 2y) and thus, y = 1 and x = 1. So the
stationary points are:

(0,0), (0,4), (3,0), (1,1).
b. The right side of the system is

fi(z,y) = 3z — 2% — 2xy,

fo(z,y) = 4y — 3wy — 3~

The linearization of the system around (1, 1) is
RVl P o o
v Pley) || fL1) oy ap | |, g
G- (-20)(1L0) o
G [C ) (4—3x—2y)(171)] [y—l]
[ -1 —2 x—1
-1 26

c. Introducing the new variables X = x —1 and Y = y — 1, one obtains the following
autonomous linear system:

X -1 2] [x
v [ 3 -1 ||V
A
We have to compute the eigenvalues of A:
det(A — \Io) = det [ B (—1-X\)2—6
-3 —1-=-2A

=(A+1-V6)(A+1+6).

Hence, the eigenvalues are A\ = V6 —1and \y = —v6 — 1. The corresponding
eigenspaces are:

ker(A — A1 1) = ker [ __\26 —_56] - Lin{ [ _1\/75 ] }
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where C7,C5 € R. The sketch of the phase portrait of the original system is the

where C7,Cy € R. Hence, the solutions of the original system are
following;:

The solutions of the system are

and

Differential equations
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where (', Cy, C3 are constants.
b. The matrix A has eigenpairs (—1,v1), (1,v2), (2,v3), where

a. A general solution of the system is

SOLUTION OF THE TASK 47.
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Hence,

A= [ vy Vg U3 ] -diag(—1,1,-2) - P~*.

—_———
P

Let us compute P~! using Guassian elimination:

1 1 1{100 1 11[{1 00
-1 12|01 0] ~, |023]1 10
1 1 4/00 1 |g2=pfr| 00 3[-10 1

| P[5
(1 10|44 0 -4
< (0202 1 41
A=h5610 0 3| -1 0 1
R
o ool b
élzf:l%—}f_o 0 1|-1 o 1
_1,00 N~
T el
So
1 1 1] [-100]| 5 -5 %
A=| -1 1 0 10 1 1 —3
1 raf [0 021 o 1
EREII R
= 1 1 4 1 3 —3
| rs]- 0
[0 1 0]
=10 01
3 0 2

c. Since the eigenvalues of the matrix A are —1,1,2, the corresponding third order

polynomial is

A+DA=-1D)A=2)=(N=1)(A=2) =X -2)2 = A+ 2

and hence the differential equation with constants coefficients is
z® = 2:@ 4 2@ _9g

SOLUTION OF THE TASK 48.
First we solve the homogenenous part

T—x—4x =0.
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The characterstic polynomial is p(A) := A2 — X — 4 and hence

1+£v14+16 1417
2 N 2

p(/\) =0 = )\1’2 =

So, the solution of the homogeneous part is

1+V/17 1-/17
p(t) =Ae 2 "4+ Be 2 !

where A, B € R are constants. To find one particular solution we use the form
Ly = xpl@) + Tp, (1),
where
z,,(t) = Ct+ D, T, (t) = Ec’.
Hence, i, = C, &, = 0 and &,, = &,, = Ee’. Plugging this into the DE we obtain

(27) Ee' — (C+ Ee') —4(Ct + D + Ee') = 2t + €.
Comparing the coefficients at 1,¢, e’ on both sides of (27) we get the system
—C —4D =0, —4C = 2, —4F =1,
with the solution ] ] )
8’ ¢ 2’ 4

Hence, the general solution of the DE is

2(t) = Ac"F 4 gt - %t . iet.
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