
Introduction to Network Analysis (INA) Spring 2023/24

Homework #1

The homework does not require a lot of writing but may require some thinking. It does not
require a lot of processing power but may require efficient programming. It accounts for 12.5%
of the course grade. Any questions or comments should be posted on Piazza.

Submission details

This homework is due on March 29th at 11:59pm. It must be submitted through (1)
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Honor code
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Any violation of the honor code will be reported to the faculty disciplinary committee
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Introduction to Network Analysis (INA) Homework #1

1 Connected components (15%)

Assume a simple undirected graph with n nodes, m edges, and c connected components. Show
that the following two inequalities hold. (Use mathematical induction for the first inequality
and simple reasoning for the second.)

n− c ≤ m ≤
(
n− c+ 1

2

)

Using these two inequalities, provide a criterion for m that ensures a connected graph. Is
the criterion practically useful for real networks?

What to submit?

Prove both inequalities (2× 5%). Provide a criterion for m (2.5%). Give a brief answer to the
question (2.5%).

2 Node linking probability (12.5%)

Consider a graph model where the edges are placed independently between each pair of nodes
i and j with the probability pij proportional to

pij ∼ vivj ,

where vi ≥ 0 is some number associated with node i.
First show that the expected node degree 〈ki〉 is proportional to vi. (Show 〈ki〉 = Cvi for

some constant C.) Next, derive an exact expression of pij in terms of only the degree sequence
{k} = k1, k2, . . . , kn and recognize the result.

What to submit?

Show 〈ki〉 is proportional to vi (5%). Derive an expression of pij in terms of {k} (5%). Comment
on the result (2.5%).

3 Random node selection (7.5%)

Erdős-Rényi graph model [ER59] requires efficient implementation of a random selection of
nodes, which can be easily achieved with most network representations. More realistic mod-
els [BA99] require more sophisticated random selection procedures and associated network rep-
resentations.

Design an algorithm that does not select the nodes uniformly at random, but proportional
to their degree. More precisely, the node i should be selected with the probability ki

2m , where
ki is its degree and m is the number of edges. The algorithm must run in constant time O(1),
while you can assume any standard network representation. (Think more about the network
representation than the algorithm.)

What to submit?

State the network representation (2.5%). Describe the algorithm or provide a pseudocode (5%).

1



Introduction to Network Analysis (INA) Homework #1

4 Weak & strong connectivity (20%)

Depth-first search is the most efficient algorithm for finding connected components of undirected
networks. What would the same algorithm find in a directed network if one would follow the
links in any direction? What would the algorithm find if one would follow the links only in
the right direction? What would the algorithm find if one would follow the links only in the
opposite direction?

Based on your answers design an algorithm for finding strongly connected components in
directed networks. Implement the algorithm and find strongly connected components of Enron
e-mail communication network [KY04]. (You should not use the Kosaraju algorithm.)

Compute the number of strongly connected components and the size of the largest one. Are
the results expected?

What to submit?

Give brief answers to the first three questions (3× 2%). Provide a pseudocode of the algorithm
or a printout of the implementation (4%). State the number of strongly connected components
and the size of the largest one (2× 4%). Comment on the results (2%).

5 Is Java software scale-free? (20%)

Consider a software class dependency network [ŠB11] representing Lucene search engine (Fig-
ure 1). This is a directed network where node i links to node j if the software class represented
by i depends on or uses the class represented by j.

Compute the degree distribution pk and plot it on a log-log plot by representing each dis-
tinct (k, pk) with a single dot, k > 0. (Transformation to logarithmic axes should be done by
your plotting software.) Next, compute also the in-degree distribution pkin and the out-degree
distribution pkout , and superimpose them on the same plot using dots of different colors.
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(b) Colors show out-degrees kout

Figure 1: Lucene class dependency network

Compare all three degree distributions pk· and highlight the differences between them. Do
the distributions appear to be scale-free following a power-law k−γ·? For the distributions
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not to appear like a power-law, reason why. For the distributions that do seem to follow a
power-law, reason why and compute their power-law exponent γ· using the maximum likelihood
formula [Bar16]

γ· = 1 + n·

[
n∑
i=1

ln
k·i

k·min − 1
2

δ(k·i ≥ k·min)

]−1

,

where k·i is the ·-degree of node i, k·min ≥ 1 is some reasonable choice for the minimum degree
cutoff and n· ≤ n is the number of nodes thus considered.

What to submit?

Draw a plot with three distributions (3× 2%). Reason whether the distributions are seemingly
scale-free and why (3× 2%). Compute γ· of scale-free distributions for k·min = 5 (4%). Provide
a printout of all the code used to solve the exercise (4%).

6 Five networks problem (20%)

You are given five networks in edge list format.

• Flickr social affiliation network

• IMDb actors collaboration network

• Small part of a university Web graph

• Sample of computer science citation network

• Realization of the Erdös-Rényi random graph

All networks were reduced to their largest (weakly) connected component and represented
with simple graphs. (Notice that two of the networks are directed.)

Your task is to figure out which network is which by examining its structure. Describe every
step of your reasoning and/or provide necessary computations.

What to submit?

State which network is which by referring to their filenames and support your reasoning (5×4%).
Provide a printout of all the code used to solve the exercise.

7 Who to vaccinate? (5%)

The probability that an individual would spread some viral disease through her/his social net-
work is proportional to k2 [New10], where k is the degree of the corresponding node.

Consider two immunization schemes for preventing the spread of diseases. In the first
scheme, you randomly select some number of individuals and vaccinate them. In the second
scheme, you first select the same individuals, but then rather vaccinate a random acquaintance
of theirs.

Which of the two schemes will provide better immunization? Why?
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What to submit?

Give brief answers to both questions (2× 2.5%).
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